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Formation and Inflammation of a Turbulent Jet
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The formation and inflammation of a planar, turbulent jet in an incompressible medium is modeled
numerically by the use of the random vortex method amended by a flame propagation algorithm. The results
demonstrate the dominant influence of the dynamics of turbulent eddies upon the development of the jet. Its
growth is shown to consist of three stages: formation of small eddies, pairing of eddies with the same sign of cir-
culation, and pairing of eddies of opposite signs. On this basis, a number of features of the jet mechanism are
revealed, namely, penetration, engulfment, entrainment, and intermittency. Two cases of inflammation are con-
sidered. In one, the jet is ignited at the center of the orifice, the solution tracing its own inflammation. In the
other, combustion is initiated across its full cross section, the results modeling the action of a turbulent torch as
it spreads the flame into the combustible surroundings. In both cases, the flowfield is still dominated by the tur-
bulent eddies and their interactions. However, the coherence among them is encumbered as a consequence of ex-
pansion due to the exothermicity of combustion.

Introduction

T HIS paper reports on the theoretical part of a general pro-
gram of research on flame and plasma jet ignition sys-

tems. The experimental results have been reported else-
where.1"4 The purpose of this paper is to provide insight into
the generating mechanism of the phenomena whose outward
manifestations were described in Refs. 1-4.

A more detailed account of this work is provided in a report
published by NASA.1 The problem considered here is that of
the formation and inflammation of a turbulent jet. The com-
putations are based on the use of the random vortex method
developed by Chorin5"7 and extended by us8'9 in collaboration
with Chorin10 to include the effect of combustion. Recently,
Majda11 furnished a rigorous derivation of equations for low
Mach number combustion, proving the validity of our for-
mulation provided that the dimension of the domain of in-
terest is sufficiently large with respect to flame thickness and
that the Mach number of the flow is very low, as is indeed the
case here.

The subject matter of our work is, of course, closely related
to the study of the large-scale structure of turbulent shear
layers, launched by the pioneering work of Brown and Roshko
and their collaborators.12"15 Of particular relevance to the
problem at hand are the papers of Papailou and Lykoudis16

on the mechanism of entrainment in a turbulent wake, and of
Browand and Laufer17 on the influence of large-scale eddies
upon the formation of circular jets.

Theoretical studies in this field were based primarily on
numerical analysis. They were particularly helpful in revealing
that vorticity, as a result of the Kelvin-Helmholtz instability,
tends to conglomerate, forming large-scale eddies (see, e.g.,
Patnaik et al.18 and Corcos and Sherman19), which grow by
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entraining fluid from the surroundings and by pairing—the
basic mechanism of the growth of the shear mixing layer.
Among the numerical techniques used for this purpose, the
most prolific are vortex methods because of their capability to
trace small vortex elements as they interact, forming eddy
structures, without any artificial restriction upon their motion
or distortion due to numerical diffusion that is perforce intro-
duced in finite difference schemes. Thus, Ashurst20 was able
to provide a numerical simulation of the experimental obser-
vations of Brown and Roshko11 by the use of the random
vortex algorithm of Chorin,5 with a suitable modification of
the vorticity field of each element to obtain a successful
reproduction of results. Delcourt and Brown14 used a "vortex-
in-cell" algorithm to study the evolution of infinite layers of
vorticity and thereby rationalize the experimentally observed
growth of the shear layer.

The random vortex method acquired a solid foundation as a
consequence of the contributions of Hald21 who, in collabora-
tion with Del Prete,22 proved that its solution converges with
second-order accuracy to that of the inviscid Euler equations
for rotational flow over an arbitrarily long time. Thus, the
discretization error in the numerical solution decays at a rate
inversely proportional to the number of vortices used in the
calculations. Subsequently, Beale and Majda23 demonstrated
that higher order schemes can be devised by proper choice of
vorticity distribution within a vortex element. At the same
time, they proved the validity of viscous splitting schemes,
that is, treating the Navier-Stokes equations in two fractional
steps, first as the Euler equation and second as a diffusion
equation.24 Thus, they provided the essential background for
the use of random walk to simulate the diffusion of vorticity
in a Lagrangian frame of reference.

Following is a concise description of the random vortex
method and its application to turbulent combustion, as well as
of two essential modifications necessitated by the unbounded
flowfield of the free jet under study. The results obtained on
this basis are then presented and discussed, concerning first
the formation of a turbulent jet and then its inflammation. All
of these results pertain to planar, strictly two-dimensional
flow. Two cases of inflammation are considered. In one, the
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jet is ignited at the center of the orifice. In the second, com-
bustion is initiated across its whole cross section. Thus, the
first traces the inflammation of the jet itself, while the second
models the action of a turbulent torch in spreading the flame
out into the surrounding combustible atmosphere.

Method
Computations are based on the random vortex method

which, as pointed out in the introduction, has been especially
expanded to treat turbulent combustion systems. The method
provides a fundamental solution of the time-dependent, in-
compressible Navier-Stokes equations at high Reynolds
numbers without averaging or resorting to turbulence closure
modeling.

Whereas our previous publications9'25 dealt with the fun-
damental aspects and operational details, salient features of
the algorithm are presented here with reference to the block
diagram in Fig. 1. As evident there, the velocity vector is
evaluated as a sum of two components: u^ obtained by the
vortex dynamics calculation and u€ by the use of the flame
propagation algorithm.

The first is treated on the basis of the Navier-Stokes equa-
tions expressed in terms of vorticity transport, describing an
essentially solenoidal field of the diffusion and convection of
vorticity %(x,y) =dv/dx—du/dy. Its distribution is discre-
tized, forming an interacting set of vortex elements, the so-
called vortex blobs. A vortex blob is defined as an element of
vorticity of a small but finite core. Within the core of a blob,
vorticity is finite, while outside the core, vorticity is zero. If
the core is taken as zero, the blob becomes a potential vortex;
thus creating an infinite velocity at the center and resulting in
numerical instabilities. The situation is remedied by using
finite cores with smooth distribution of vorticity. The Kelvin-
Helmholz theorem is satisfied by keeping the vorticity and cir-
culation associated with each blob constant as it moves
through the field. More details are given in Refs. 5 and 9.

Each elementary blob affects all the other blobs by a Biot-
Savart effect of its own velocity field. Vortex blobs are con-
tinuously generated at the walls to satisfy the no-slip boundary
conditions u-s-Q. In the computations, this is implemented
by a numerical boundary layer, where the blobs are reduced to
one-dimensional vortex sheets, modeling the distribution of
%(x,y) = —du/dy. At each time step, every blob is displaced
by convection due to the Euler component of the Navier-
Stokes equations, while the process of diffusion is simulated
by random walk governed by a set of Gaussian variables with
zero mean and a variance of Ik/Re, where k is the time step
and Re is the Reynolds number of the flowfield.

The second component of the algorithm is associated with
the propagation of the flame, which is treated computation-
ally as a thin line interface between reactants and products ac-
cording to the thin flame model. Its motion produces an essen-
tially irrotational field associated with expansion due to the
jump in specific volume, modeled by a line of sources
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delineated by the front. Their strength per unit length of the
front is e = (/3 - l)Su/2, located at rf: the position vector of the
flame front, $ = vb/vu, v denoting specific volume, while
subscripts b and u denote the burnt and unburnt media,
respectively, whereas Su is the normal speed. The displace-
ment of the flame front at each time step consists of three
components: advection due to the velocity field in which it ex-
ists, self-advancement at a normal burning speed, and the
aforementioned volumetric expansion, endowing it with
dynamic properties. The calculations are carried out by the
use of SLIC (simple line interface calculation), developed by
Noli and Woodward26 and amended by Chorin10 to enhance
its spatial resolution and implement the Huygens law in the
self-advancement step (see Ref 27).

The essential difficulty associated with the numerical
analysis of a free jet is due to the fact that its flowfield is un-
bounded. Thus, in contrast to a flow in a channel, where the
balance between outflow of vortex elements, their generation
in the interior, and their flux at the inlet leads to the establish-
ment of a steady saturation state, the total number of vortex
blobs increases indefinitely (see Ref. 1). As a consequence, the
amount of elementary operations grows rapidly so that the
CPU time soon becomes prohibitively large.

To deal with this difficulty, following the cloud-in-cell
technique described by Baker28 and Leonard,29 we developed
a "dipole-in-cell" method. Its basic features are as follows.

The field is divided into a number of square cells M, each
with side width c. However, instead of distributing the vorti-
city in each cell among its four corners and resorting to a
Poisson solver to evaluate the induced velocity as it is done in
the cloud-in-cell technique, we replace all the vortex blobs in a
cell by a dipole located at the centroid of the original vorticity
and use it in updating the induced velocity in the far field.

Specifically, in the cell denoted by (/,/), if F^ is the strength
of the equivalent dipole while z^ is its centers, then

while
Ztj-c/2

Zi - ic/2

ij + c/2

i + ic/2

Boundary Diffusion Burning

Fig. 1 Block diagram of the algorithm.

where z = x+ iy is the complex coordinate and F is the circula-
tion of a vortex blob. The first expression quarantees that the
velocity field of the equivalent dipoles has the same total cir-
culation as the original set of vortices. The second expression
assures the conservation of the first moment of the vorticity
field. In principle, the equivalent field should conserve all the
moments of the original vorticity. However, the error in-
troduced by neglecting moments of higher orders cannot be of
essential significance, especially since the original discrete vor-
ticity field itself does not satisfy the higher order moments of
the continuous field it models.

The use of a dipole prevents the occurrence of a fundamen-
tal error that would have been made if the positive and
negative vorticities were allowed to cancel each other. Such
vorticities induce a field although their sum is zero. On the
other hand, the velocity induced by a dipole decays as r~ 2 ,
while that of a vortex decreases only as r~l. Consequently,
long-range effects of a dipole are smaller. This discrepancy
turns out to be of advantage when a cutoff radius of influence
is introduced, as demanded by the accuracy of the computer.
For example, since the error in calculating the velocity \u I by
a six-digit-accurate machine is of an order of 10~6, then for
r«10~ 2 , it follows that Rc (vortex)* 10~4 while Rc
(dipole)— 10~2, where Rc is the cutoff radius of influence for
a flow element.

In the implementation of the dipole-in-cell method, the
velocity at point z is calculated as a sum of two components,
un as the near-field contribution due to all the vortex blobs
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Fig. 2 Streamlines of potential jet in the physical z plane and the
transformed f plane, representing the flowfield at zero time.

'I

Fig. 3 Development of vorticity field and the corresponding velocity
profiles of a turbulent jet issuing from an orifice at Re = 10,000; bound-
ary layers at side walls considered. Numbers denote nondimensional
time T=Uft/d, where «, is the inlet flow velocity, t the time, and dt the
orifice diameter.

located in the cell (i,j) as well as its eight neighbors, and uf as
the velocity introduced at z by the dipoles in the rest of the
field. The operation count of this method is of an order of
(N^ 4- M2), where Nn is the number of vortex blobs in the near
field and M is the number of dipoles in the remaining space.
Comparison to OCTV2), where TV is the total number of vortex
blobs, reveals the gain in computational time. For a uniformly
distributed vorticity field Nn =N/Mand the factor of saving is
proportional to (TV2 + M2)/(NM)2. In general, however, the
vorticity is not distributed uniformly. A judicious choice of
the number and location of M cells is therefore required in
order to optimize the benefit in CPU time to be gained by the
dipole-in-cell method while minimizing the error introduced
by the approximation.

1—^^^s^f-^^^^I *r %l"

66|

36| ' - • • '
L»» -.r
I -^^ « r^?-^

Fig. 4 ' Development of vorticity field associated with formation of a
turbulent jet issuing from an orifice at Re= 10,000, effect of boundary
layer at side walls neglected; numbers as in Fig. 3.

Jet
The representative case we considered is that of a free jet is-

suing from an orifice to a semi-infinite plane at a Reynolds
number of 10,000, based on the orifice diameter of the jet, the
incoming flow velocity, and its kinematic viscosity.

To start with, there is a potential flowfield. This is deter-
mined by conformal mapping, as shown in Fig. 2, presenting,
on the left, the physical z plane and, on the right, the
transformed f plane. The conformal transformation function
used for this purpose is specified by ttie differential form

The development of the vorticity field and the associated
velocity profiles computed for the formation of a turbulent jet
are depicted in Fig. 3. The display consists of a set of results
selected at various instances of time, as marked on labels. The
time is expressed in a nondimensional form: T=u-tt/d where
u{ is the inlet flow velocity, t is time, and d is the orifice
diameter. Each diagram in the left column of Fig. 3 contains
all the vortex blobs used in the computations up to its own
time. The boundary layers on all the walls shown in the figure
were taken into account via the numerical boundary-layer
technique. As a consequence, the total number of vortex blobs
grew rapidly, causing the CPU time to become excessively
long after T= 21. At larger times even the saving obtained by
the use of the dipole-in-cell method became insufficient. An
introduction of a more drastic simplification became
necessary, while the results obtained so far were retained as a
proving ground for the validation of the simplified technique.

The simplification was simply attained by neglecting the ef-
fects of the boundary layer at the side walls, so that the tur-
bulent jet was formed solely by the vorticity generated at the
edge of the orifice. The vorticity fields obtained in this way are
displayed in Fig. 4, while the corresponding velocity profiles
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are presented in Fig. 5. These results appear to be in a satisfac-
tory agreement with those of Fig. 3, whereas the number of
vortex blobs has been significantly reduced. Although it took
somewhat longer to grow to the same size, this allowed the
computations to be continued for a sufficiently long time to
display all the significant features of the formation of a free
turbulent jet.

As revealed here, this process consists of three distinct
stages:

1) In the first stage, presented by our graphical output in
Fig. 4 up to T= 16, a small eddy is formed due to the
breakdown of the vorticity layer on the sides of the jet, caused
by boundary-layer separation at the exit of the nozzle. Eddies
produced at this stage are quite symmetric, recirculating in op-
posite directions without any discernible interaction between
each other. All of them are of almost the same size, and they
grow gradually as they move downstream while entraining the
irrotational fluid from the surrounding atmosphere.

2) In the second stage, depicted in Fig. 4 by outputs at time
interval T- 21 - 36, eddies on each side of the jet start to pair,
while their progress downstream slows down because their
convection velocity is inversely proportional to their distance
from the orifice. The interaction between eddies downstream
is thereby enhanced, leading to the formation of pairs of in-
tertwining eddies with the same sense of rotation. These eddies
induce a circular motion of one around the other, causing a
rotary flow of their fields around a common center. As a con-
sequence, they fuse together, forming a larger eddy—the
essential mechanism of pairing. The sequence of events con-
stituting this process is clearly illustrated in Fig. 4 by the mid-
dle nodule on the bottom, leading to the formation of the
penultimate eddy at T= 36.

3) In the third stage, displayed in the rest of Fig. 4, the in-
teraction between eddies of opposite sense of rotation induces
motion transverse to the jet axis. Fundamentally, one would

16

21

26

46

56

61 I

66

expect two counterrotating eddies to exert a unidirectional ef-
fect on each other, causing them to move in the direction nor-
mal to their line of centers, so that their trajectories are
parallel. However, the small-scale motion due to diffusion
obliterates the boundary between them, leading to a uniform
distribution of vorticity of mixed signs—a distinguishing
feature of a fully developed parabolic flow (see Ref. 30).

The coherence exhibited by the jet flow is, in effect,
stronger than that existing in a conventional mixing layer
because the base flow that carries the vorticity field slows
down as r~l from the origin, where r= \z\. Our results reveal
the existence of a distinct interface between the vortex
fluid—the fluid carrying a high concentration of vorti-
city—and the nonvortex fluid, that is, the one devoid of vorti-
city. The essential nonstationarity of this interface leads to the
well-known phenomenon of intermittency, in which finite tur-
bulent effects manifest themselves at the outer contour of the
jet for only a fraction of time. Nonetheless, as a consequence
of the far-field effect of vorticity, fluid from surroundings is
entrained into the jet core. Thus, whereas fluctuations in the
flowfield are affected by diffusion inside the jet within the
vortex fluid, they are essentially independent of viscous forces
in the nonvortex fluid surrounding the jet.

These effects are also evident in the velocity vector fields
displayed in Fig. 5. In particular, the effects of entrainment
are displayed in the diagrams at T= 16 and T=26 by the
relatively large negative velocities in the far field, pointing
toward the jet axis. We should emphasize here that these
observations were gathered from a two-dimensional, time-
dependent solution. Thus, they resemble the actual turbulent
flow only on a qualitative basis and at a stage where three-
dimensional phenomena are of negligible influence.

Flame
To study the effect of inflammation, two cases were con-

sidered. In the first, the flame was initiated by ignition at the
center of the orifice; in the second, combustion was initiated
across its full cross section. In both cases, the normal burning
speed was taken as Su = 0.02uh while the volumetric expansion

Fig. 5 Velocity profiles corresponding to Fig. 4; numbers as in Fig. 3.

Fig. 6 Development of vorticity field and the corresponding flame
fronts associated with the inflammation of a turbulent jet following ig-
nition at the center of the orifice. /?e = 10,000; 5u=0.02w /;
|8 = vb/vu = 4; numbers as in Fig. 3.
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31

36

Fig. 7 Development of vorticity field and progress of the flame
associated with the formation of a turbulent torch generated by a jet of
hot products issuing from an orifice. Parameters same as in Fig. 6;
numbers as in Fig. 3.

1) At initial stages, the propagation of a turbulent jet is
dominated by the formation of large-scale eddies and the
essentially inviscid interaction between them.

2) The spread of the jet is manifested by the growth of its
vorticity field—a process due essentially to the effects of diffu-
sion and convection. The dynamic effects of the jet extend
into the surroundings, far beyond the boundary of its vorticity
field.

3) The flowfield is stratified into a vortex fluid, i.e., the
fluid carrying a high concentration of vorticity, and the non-
vortex fluid, that is, one devoid of vorticity, associated with a
distinct inerface between the two. It is the intrinsic instability
of this interface that provides a deterministic explanation for
the well-known stochastic phenomenon of intermittency.

4) The engulfment of fluid from the surroundings into the
core of the jet is, in essence, an inviscid process induced by the
recirculation due to large-scale eddies—the effective com-
ponents of the jet structure. The entrainment of this fluid
within the vortex fluid is, however, a viscous process affected
by diffusion.

5) The growth of the turbulent jet structure consists of three
stages: formation of eddies, pairing of eddies with the same
sign of circulation, and pairing of eddies of opposite signs, the
last being associated with fluctuating displacements of the
vortex field transversely to the jet axis.

6) The inflammation of a jet and the spreading of the jet
flame are also dominated by the action of large-scale eddies,
although the coherence between them is impaired as a conse-
quence of the volumetric expansion due to the exothermicity
of the combustion process. The recirculation promoted by the
eddies furnishes the basic mechanism for the entrainment of
reactants from the surroundings and the consolidation of prod-
ucts within the core of the turbulent jet.
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ratio (in effect, the temperature ratio across the flame front)
0 = 4.

The results of the first case are presented in Fig. 6. The first
column displays the development of the vorticity field, while
the second shows the corresponding progress of flame fronts.
As evident here, the rate of recirculation, at Re= 10,000 for
which these results were obtained, is sufficiently high to cause
entrainment of reactants into the products at the core of the
jet, creating islands of unreacted fluid. The effects of
volumetric expansion are manifested by the swelling of the
vortex fluid, which can be clearly observed by comparing the
vorticity vector fields of Fig. 6 with those of Fig. 4 at cor-
responding times.

The second case, representing the effects of a turbulent
torch igniting a combustible atmosphere, is depicted in Fig. 7.
The flame front establishes itself at the outer contour of the
vortex fluid whose structure is dominated by large-scale ed-
dies, as in the case of an inert jet. However, the expansion due
to the exothermicity of the combustion process causes the
vortex blobs to spread apart, thereby reducing the effects of
coherence between them. Nonetheless, the recirculation due to
these eddies is of major importance in consolidating the field
of combustion products, keeping the flame front at the
boundary of the vortex structure.

Conclusions
Our studies revealed the following features of jet formation

and inflammation:
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